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On a Family of Planes of a Polar Space
SATOSHI YOSHIARA
A Y -family S is a set of q+3 planes of PG(5, q) satisfying some conditions on their intersections.
If every member of S is isotropic for a form f on PG(5, q), the affine expansion of S is covered by a
geometry inside PG(7, q) (Proposition 1). Such families are classified if f is unitary (Proposition 2).
Existence of such families with f symplectic is equivalent to that of two o-polynomials with certain
properties (Lemma 6). A nonexistence result follows from this criterion (Proposition 7).
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1. INTRODUCTION
The following notion was introduced by the author in [7] to produce an infinite series of
extended generalized quadrangles with nonclassical point residues.
DEFINITION. A set S of q + 3 planes of PG(5, q) with q = 2e is called a Y -family if the
following three conditions are satisfied:
(1) any two distinct members of S intersect in exactly a point, and no three members con-
tain a point in common;
(2) for each member X ∈ S, the intersections of X with the other members of S form a
hyperoval in X ; and
(3) the members of S span PG(5, q).
From [7, Lemma 2.1], the (dual) affine expansion A f (S) of a Y -family is an extended gen-
eralized quadrangle (EGQ) in which the residue at a point p is the dual of the Tits quadrangle
T ∗2 (Op) for some hyperoval Op depending on p.
There are three known constructions of Y -families: the first one Y(O) by the author [7]
consists of planes5(l) with l ranging over lines of a dual hyperoval O in PG(2, q) as well as
the nucleus plane of the Veronesean map ζ , where5(l) is spanned by the image ζ(l) of l under
ζ ; the second one T (K ) by Thas [6] consists of the images under the Klein correspondence
τ of points on a (q + 1)-arc K in PG(3, q) together with the two planes of the images of the
generators of a hyperbolic quadric consisting of special unisecants at the points of K ; and the
last one Y∗(O) by Ng and Wild [4] consists of the duals in PG(5, q) of the planes of Y(O).
The fundamental group of A f (S) is controlled by the subgroup of the additive group G F(q)
generated by the values of some function [8, Theorem 1]. Using this result, the universal cover
of A f (S) is determined if S = T (K ) for every (q + 1)-arc K , S = Y(O) or Y∗(O) for dual
hyperovals O described by some families of o-polynomials (see [8, Theorem 2.3] for the first
two families and see [4] for the last).
It turns out that all such A f (S) are simply connected, except A f (Y(O4)), where O4 denotes
a dual hyperoval in PG(2, 4). Note that there is a single equivalence class of hyperovals in
PG(2, 4) under projective transformations and that Y(O4) = Y∗(O4) = T (K ) for a 5-arc K
in PG(3, 4). The universal cover of A f (Y(O4)) is a double cover, whose objects are realized
as isotropic subspaces of PG(7, 4) with respect to a nondegenerate unitary form. This fact
was found by the author as well as Antonio Pasini, based on the observation that the family
Y(O4) is extended to a set of 22 isotropic planes in PG(5, 4) (called a dual hyperoval) on
which the Mathieu group M22 acts triply transitively. This motivates the following.
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DEFINITION. A Y -family S is said to be of symplectic (resp. unitary or orthogonal) polar
type if there is a nondegenerate symplectic, unitary or orthogonal form f on PG(5, q) with
respect to which every member of S is totally isotropic.
The construction of the universal cover of A f (Y(O4)) is generalized in the following form.
(Here Y -families of orthogonal polar type are not mentioned, since it turns out that the con-
struction does not give a proper cover: see Proposition 3.)
PROPOSITION 1. If a Y -family S is of symplectic (resp. unitary) polar type, then there
exists a q (resp. √q)-fold cover of A f (S) in which every variety is an isotropic subspace of
PG(7, q).
In the next section, we introduce a more general concept of dual arcs, which includes Y -
families as a special case, and give a construction of covers of dual arcs of polar type. The
idea is described in [3, subsection 2.2] for the above-mentioned dual hyperoval associated
with M22.
In view of the calculations of the fundamental groups of A f (S) for known Y -families, the
above result suggests that there are not so many Y -families of symplectic or unitary polar type.
There are only two examples known to the author: Y(O4) of unitary polar type for q = 4 and
Y(O2) of orthogonal (and symplectic) polar type for q = 2. In fact, those of unitary polar
type are completely determined.
PROPOSITION 2. If S is a Y -family of unitary type, then q = 4 and S = Y(O4) for a dual
hyperoval O4 in PG(2, 4).
A Y -family is of symplectic polar type iff it is of orthogonal polar type (Lemma 5). A cri-
terion for a Y -family with a specified member to be of symplectic polar type is given in terms
of pure arithmetic in finite fields (Lemma 6). Using that criterion, the nonexistence of a Y -
family of symplectic or orthogonal polar type for q > 2 is established if it contains a member
in which the hyperoval of intersections with the other members is regular (Proposition 7).
However, the author has not yet succeeded in proving the nonexistence in full generality.
2. A COVERING OF A f (S) FOR S OF POLAR TYPE
In this section, we prove Proposition 1. The construction is applied to a more general class
of geometric objects.
DEFINITION. A family of d (projective)-dimensional subspaces in PG(m, q) is called a
dual arc if the following conditions are satisfied:
(1) any two distinct members of S intersect in exactly a point, and no three members con-
tain a point in common;
(2) for each member X ∈ S, the intersections of X with the other members of S span the
subspace X ; and
(3) the members of S span PG(m, q).
Note that q could be any integer (prime power if m ≥ 3), not necessarily even. Clearly a
Y -family is a two-dimensional dual arc in PG(5, 2e). It is easy to see that a d-dimensional
dual arc S in PG(m, q) has at most 1+ ((qd+1 − 1)/(q − 1)) members. If this upper bound
is attained, S is called a dual hyperoval. See [1, 3, 5] for recent investigations and examples
of dual hyperovals. The affine expansion of a dual arc is defined as follows.
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DEFINITION. Let S be a d-dimensional dual arc in PG(m, q). We identify PG(m, q) with
a hyperplane H∞ in PG(m + 1, q). The (dual) affine expansion A f (S) of S is the geometry
(A0,A1,A2; ∗) of rank 3 with the following sets of points, lines and blocks, and the incidence
∗ inherited from that of PG(m + 1, q):
— the set A2 of blocks consists of the affine points in PG(m + 1, q) \ H∞,
— the set A1 of lines consists of projective lines of the form 〈p, X ∩ Y 〉, where p is an
affine point in PG(m + 1, q) \ H∞ and X, Y are distinct members of S;
— the setA0 of points consists of (d + 1)-subspaces of PG(m+ 1, q) of the form 〈p, X〉,
where p is an affine point in PG(m + 1, q) \ H∞ and X ∈ S.
Note that the residue at a block is a circle geometry on the members of S; that is, it is
isomorphic to the geometry of vertices and edges of a complete graph. From [7, Lemma 2.1],
A f (S) for a Y -family S is an extended generalized quadrangle. If S is a dual hyperoval, then
A f (S) is the enrichment of a semibiplane [5].
DEFINITION. A d-dimensional dual arc S in PG(m, q) (m ≥ 3) is said to be of polar type,
if there exists a nondegenerate symplectic, unitary or orthogonal form f on the underlying
vector space of PG(m, q) with respect to which every member of S is totally isotropic.
There are two known examples of Y -families of polar type: Y(O4) of unitary polar type
in PG(5, 4) and Y(O2) of orthogonal (and symplectic) polar type in PG(5, 2). As we re-
marked in the Introduction, the former example can be extended to a two-dimensional dual
hyperoval of unitary polar type in PG(5, 4) admitting the triply transitive action of M22. In
fact, with the notation of [1, subsection 4.5], where the members of the above dual hyperoval
are explicitly given (they are totally isotropic with respect to the unitary form ∑6i=1 xi y27−i ),
it is straightforward to check that the planes Si (i = 0, 1, 2, 6, 12, 15, 21), corresponding to
a heptad, form a Y -family (of unitary polar type with respect to the above form), which is
isomorphic to Y(O4).
On the other hand, the following will be shown in the last example of Section 4: the Y -
family Y(O2) is extended to a two-dimensional dual hyperoval in PG(5, 2) (not satisfying
Property (T )), but that dual hyperoval is not of polar type; while there is a two-dimensional
dual hyperoval in PG(5, 2) of orthogonal polar type (with Property (T )), but it does not
contain any Y -family. (Note that there are two classes of two-dimensional dual hyperovals in
PG(5, 2) by [1], which can be distinguished by a property, called Property (T ).)
It is likely that there are no dual hyperovals in PG(m, q) with q odd. On the contrary, given
any prime power q and any symplectic, unitary or orthogonal form f (of plus type), we may
construct a two-dimensional dual arc of polar type in PG(5, q) with respect to f .
Dual arc S(A) of polar type in PG(5, q). Let X and Y be two disjoint totally isotropic
planes of PG(5, q) with respect to f (so that f is of plus type, if it is a quadratic form).
Choose an arc A on the plane X with |A| ≥ 3; that is, no three points of A lie on a line in
common. (Thus |A| ≤ q + 1 if q is odd, and |A| ≤ q + 2 if q is even.) For every point a of
A, let la = a⊥ ∩ Y be the line of Y consisting of points perpendicular to a with respect to f
(or the bilinear form associated with f if f is a quadratic form). Then the plane Za = 〈a, la〉
spanned by a and la is totally isotropic. We shall verify that S(A) := {X, Za | a ∈ A} is a
Y -family of polar type with respect to f in PG(5, q).
The defining condition (1) of a dual arc is satisfied if X is contained in the members. Thus,
to check condition (1), it suffices to show that Za ∩ Zb is a point and Za ∩ Zb ∩ Zc = ∅ for
three mutually distinct points a, b, c of A.
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First note that X ∩ Za = a: for otherwise, the plane Za would contain a line on X which
is skew to the line la of Za . The intersection Za ∩ Zb contains a point la ∩ lb on Y . As the
subspace 〈a, b〉⊥ perpendicular to the line 〈a, b〉 is of codimension 2 in PG(5, q), we see that
X is a hyperplane of 〈a, b〉⊥, but X ∩ Za ∩ Zb = a ∩ b = ∅ by the remark above. Thus a
subspace Za ∩ Zb of 〈a, b〉⊥ does not contain a line, and hence Za ∩ Zb coincides with the
point la ∩ lb. Suppose lc contains y := la ∩ lb. Then X ∩ y⊥ contains three distinct points
a, b, c on X , and hence a point y of Y is perpendicular to X = 〈a, b, c〉, which is against the
maximality of X as an isotropic subspace. Hence Za ∩ Zb ∩ Zc = ∅.
As we saw above, for three distinct points a, b, c of A, the points Za ∩ Zb, Zb ∩ Zc and
Za ∩ Zc do not lie on a line. Thus they generate Y , and hence 〈S(A)〉 = 〈X, Y 〉 = PG(5, q),
which shows the defining condition (3) for a dual arc. Condition (2) is also satisfied, as Za is
a plane generated by a point a on X and two distinct points Za ∩ Zb and Za ∩ Zc on Y .
Note that, even if A is a hyperoval on X , the above construction does not give a Y -family:
for, the points Za ∩ Zx lie on a line la , for x ranging over the points of A distinct from a (there
are |A| − 1 = q + 1 ≥ 3 such points).
In the rest of this section, we assume that S is a d-dimensional dual arc in PG(m, q) of
polar type, and let f be the associated symplectic, unitary or orthogonal form. Thus if f is a
unitary form, q is a square.
We now consider the underlying vector space V (m + 3, q) of PG(m + 2, q), and let f˜ be
a nondegenerate form on V (m + 3, q) of the same type as f . That is, if f is symplectic (resp.
unitary or orthogonal of type ±), then f˜ is symplectic (resp. unitary or orthogonal of type
±). Fix an isotropic point p of PG(m + 2, q) and denote by p⊥ the hyperplane of V (m +
3, q) consisting of vectors x with f˜ (p, x) = 0. The quotient vector space V (m + 3, q)/p
is of dimension m + 2 and contains p⊥/p as a hyperplane. The associated projective spaces
P(V (m+3, q)/p) and P(p⊥/p)may be identified with PG(m+1, q) and H∞ = PG(m, q),
respectively. We will do so from now on. Furthermore, on the underlying vector space p⊥/p
of PG(m, q) = H∞, we may define a nondegenerate form f˜ ′ by f˜ ′(x+ p, y+ p) := f˜ (x, y)
(x, y ∈ p⊥). As f˜ is of the same type as f , this defines a nondegenerate form on PG(m, q)
of the same type as f . Thus we may identify f with f˜ ′.
From our hypothesis, the members of S are realized as d-subspaces of P(p⊥/p) which are
totally isotropic with respect to the form f˜ ′ = f . The blocks of A f (S) are the affine points
of P(V (m + 3, q)/p) \ P(p⊥/p), and the lines (resp. points) of A f (S) are certain projective
lines (resp. (d + 1)-subspaces) of P(V (m + 3, q)/p), each of which intersects P(p⊥/p) in
the intersection of two distinct members of S (resp. in a member of S).
Construction of a cover A˜. With the above notation, A˜ = (A˜0, A˜1, A˜2; ∗˜) is defined to
be a rank-3 geometry consisting of the following isotropic subspaces of PG(m + 2, q) with
respect to f˜ .
— The set A˜2 of blocks consists of the isotropic points in PG(m + 2, q) \ p⊥, the set A˜1
of lines consists of the totally isotropic lines l of PG(m + 2, q) with l 6⊆ p⊥ such that
the quotient 〈l, p〉/p is a line of A f (S), and the set A˜0 of points consists of the totally
isotropic subspaces U of PG(m + 2, q) with U 6⊆ p⊥ such that the quotient 〈U, p〉/p
is a point of A f (S).
— The incidence ∗˜ is inherited from that of PG(m + 2, q).
PROPOSITION 3. The map ρ sending each subspace X of PG(m + 2, q) to a subspace
〈U, p〉/p of PG(m + 1, q) = P(V (m + 3, q)/p) gives a covering of A f (S) by A˜. Further-
more, if f is symplectic (resp. unitary or orthogonal), it is a q (resp.√q or 1)-fold cover.
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PROOF. By definition, each variety T of A˜ contains a projective point x not in p⊥. For each
such x , we have T = 〈x, T ∩ p⊥〉 (T ∩ p⊥ = ∅ if T ∈ A˜2). The image ρ(x) = 〈p, x〉/p is
an affine point of PG(m + 1, q) \ PG(m, q), identified with P(V (m + 3, q)/p) \ P(p⊥/p),
and the hyperplane 〈T ∩ p⊥, p〉/p of ρ(T ) = 〈T, p〉/p is a member of S (resp. the point of
intersection of two distinct members of S or the empty set) if T ∈ A˜0 (resp. A˜1 or A˜2).
Take any block q of A˜, that is, an isotropic point of PG(m + 2, q) not orthogonal to p.
From the above observation, an element T of A˜0 ∪ A˜1 contains q iff T = 〈q, T ∩ p⊥〉 iff
ρ(T ) = 〈T, p〉/p is an element of A0 ∪ A1 containing the affine point ρ(q) = 〈q, p〉/p.
Thus the map ρ induces the isomorphism of ResA˜(q) with ResA f (S)(ρ(q)), because T = T ′
iff 〈T ∩ p⊥, p〉/p = 〈T ′ ∩ p⊥, p〉/p and ρ preserves the inclusion.
Take any point U of A˜. Then A˜2(U ) (resp. A˜1(U )) consists of the projective points in
U \ (U ∩ p⊥) (resp. projective line l of the form 〈q, r〉, where U = 〈q,U ∩ p⊥〉 and ρ(r)
is a point of intersection of 〈U ∩ p⊥, p〉/p with an another member of S). It is immediately
apparent that A˜0(U ) (resp. A˜1(U )) bijectively corresponds to A0(ρ(U )) (resp. A1(ρ(U )))
under ρ and that ResA˜(U ) is isomorphic to ResA(ρ(U )).
As ρ clearly gives an isomorphism between the line-residues, it is a covering of A f (S).
Note that ρ(T ) = ρ(T ′) for two varieties T, T ′ of A˜ iff T ′ is a totally isotropic hyperplane
of 〈T, p〉. As T ∩ p⊥ is the radical of 〈T, p〉 of codimension 2, T ′ corresponds to a totally
isotropic point in the two-dimensional space 〈T, p〉/T ∩ p⊥ equipped with the nondegenerate
form induced by f˜ . The induced form is of the same type as f˜ and f , except that it may
change the sign if f is orthogonal. In fact, p is orthogonal of plus type. Now if f is symplectic
(resp. unitary or orthogonal), there are exactly q + 1 (resp. √q + 1 or 2) isotropic points in
〈T, p〉/T ∩ p⊥. As T ′ 6= 〈p, T ∩ p⊥〉, there are exactly q (resp. √q or 1) elements in each
fibre. 2
REMARK. We may verify that each fiber ρ−1(x) of a variety x of A f (S) is an orbit under
the group E of elations with center p and axis p⊥ which preserve the form f . Thus A f (S) is
a quotient geometry of A˜ by the regular action of E . It is easy to see |E | = q (res. √q or 1)
if f is symplectic (resp. unitary or orthogonal).
Proposition 1 immediately follows from Proposition 3.
3. CLASSIFICATION OF Y -FAMILIES OF UNITARY POLAR TYPE
In this section, we prove Proposition 2. We first derive a canonical coordinatization of a Y -
family of polar type. The proof is along the same philosophy as [4, Theorem 4.2]. We consider
Y -families of hermitian or symplectic polar type. The latter families turn out to be essentially
the same notion as those of orthogonal type (Lemma 5).
Recall that a polynomial F(X) with coefficients in G F(q) is called an o-polynomial if it
is a permutation polynomial (that is, the map t 7→ F(t) is a bijection on G F(q)) of de-
gree less than q, with F(α) = α for α ∈ G F(2) and such that the polynomial Ft (X) :=
(F(X + t) + F(t))/X (where Ft (0) := 0 by convention) is a permutation polynomial for
every t ∈ G F(q) [2, p. 185]. A hyperoval of PG(2, q) is projectively equivalent to D(F) :=
{[1, t, F(t)] | t ∈ G F(q)} ∪ {[0, 0, 1], [0, 1, 0]} for an o-polynomial F [2, Theorem 8.22].
For a Y -family S and U ∈ S, we write O(U ) ∼ D(F), if the hyperoval O(U ) consisting of
the intersections of U with the other members of S is projectively equivalent to D(F); that is,
there is a basis {e0, e1, e2} of the underlying vector space of U such that O(U ) consists of the
points [e0 + te1 + F(t)e2] (t ∈ G F(q)) as well as [e2] and [e1].
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LEMMA 4. Assume that S is a Y -family of polar type with respect to a symplectic or unitary
form f on the underlying vector space V of PG(5, q). We denote by ε the identity map (resp.
the square map x 7→ x2) on G F(q), if f is a symplectic (resp. unitary) form. The inverse
map of ε is denoted 1/ε.
Let U be a member of S with O(U ) ∼ D(F) for an o-polynomial F. We choose a basis
{e0, e1, e2} of the subspace U of V so that O(U ) consists of the points P(n) := [e0], P(∞) :=
[e2] and P(t) := [te0+ e1+ F(t)e2] for t ∈ G F(q). Let N , X (∞) and X (t) be the members
of S \ {U } with P(n) = U ∩ N, P(∞) = U ∩ X (∞) and P(t) = U ∩ X (t) (t ∈ G F(q)).
Then the basis {e0, e1, e2} can be extended to a basis {ei | i = 0, . . . , 5} of V satisfying
the following properties for some permutation polynomial G, where we denote by [v] the
projective points spanned by a vector v ∈ V and [x0, . . . , x5] :=
[∑
i=0 xi ei
]
:
( f ) f (ei , e j ) = 1 or 0 according to whether i + j = 5 or not (0 ≤ i, j ≤ 5);
(N ) N = 〈e0, e3, e4〉 and the hyperoval O(N ) consists of the points P(n), Q(∞) := N ∩
X (∞) = [e4] and Q(t) := N ∩ X (t) = [G(t), 0, 0, 1, F(t)ε, 0] for t ∈ G F(q);
(∞) X (∞) = 〈e2, e4, e5〉 and the hyperoval O(X (∞)) consists of the points P(∞), Q(∞)
and R(t) := X (∞) ∩ X (t) = [0, 0,G(t)ε, 0, tε, 1] for t ∈ G F(q);
(G F(q)) for every t ∈ G F(q), X (t) = 〈P(t), Q(t), R(t)〉 and the hyperoval O(X (t)) consists
of the points P(t), Q(t), R(t) and Pt (s) := X (t) ∩ X (s) = [x0, x1, x2, 1, x4, x5] for
s ∈ G F(q) \ {t}, where
x0 = tG(s)+ sG(t)
t + s , x1 =
G(t)+ G(s)
t + s ,
x2 = (F(t)+ F(s))
ε−1
(t + s)ε (F(t)G(s)
ε + F(s)G(t)ε),
x4 =
(
t F(s)+ s F(t)
t + s
)ε
and x5 =
(
F(t)+ F(s)
t + s
)ε
;
(o) the maps t 7→ F(G−1(t))ε and t 7→ G(t1/ε)ε on G F(q) are represented by o-polynomials
H and G ′, respectively, so that O(N ) ∼ D(H) and O(X (∞)) ∼ D(G ′);
(u) (F(t)+ F(s))(G(t)+ G(s)) = s + t for every s, t ∈ G F(q), if f is a unitary form.
PROOF. As U and N are totally isotropic, we may extend {e0, e1, e2} to a basis {ei |i =
0, . . . , 4} for 〈U, N 〉 = [e0]⊥ such that N = 〈e0, e3, e4〉, where p⊥ denotes the subspace of
PG(5, q) orthogonal to a projective point p with respect to f . We may choose f (ei , e j ) = 1
or 0 according to whether i + j = 5 or not (0 ≤ i, j ≤ 4). Then we see that N ∩ P(∞)⊥ =
〈e0, e4〉. Since X (∞) is an isotropic subspace containing P(∞), N∩X (∞) (6= N∩U = [e0])
lies in N ∩ P(∞)⊥. Thus replacing e4 by a vector of 〈e0〉 + e4 if necessary, we may assume
that Q(∞) := N ∩ X (∞) = [e4]. Note that this does not alter the values f (ei , e j ) (0 ≤
i, j ≤ 4), as e0 lies in the radical of 〈U, N 〉. Then we choose a vector e5 outside 〈U, N 〉 so
that f (e0, e5) = 1 and f (ei , e5) = 0 for every i = 1, . . . , 5. The totally isotropic plane X (∞)
contains P(∞) = [e2] and Q(∞) = [e4], and hence 〈e2, e4〉 ⊆ X (∞) ⊆ [e2]⊥ ∩ [e4]⊥ =
〈e0, e2, e4, e5〉. Note that X (∞) does not contain U ∩ N = [e0]. Replacing e5 by a vector of
〈e0〉 + e5 if necessary, we may assume that X (∞) = 〈e2, e4, e5〉. Note that this does not alter
the values f (ei , e j ) (0 ≤ i, j ≤ 5), as e0 lies in the radical of 〈U, N 〉.
For each t ∈ G F(q), we easily see that N∩P(t)⊥ is a projective line consisting of the points
[x0, 0, 0, x3, F(t)εx3, 0] for x0, x3 ∈ G F(q). That line intersects the hyperoval O(N ) =
{[e0], [e4], N ∩ X (t) | t ∈ G F(q)} in exactly two points P(n) = [e0] and N ∩ X (t), because
X (t) is an isotropic subspace containing P(t), and hence N ∩ X (t) ⊆ N ∩ P(t)⊥. Thus
we may write N ∩ X (t) = [G(t), 0, 0, 1, F(t)ε, 0] for some G(t) ∈ G F(q). As O(N ) is
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a hyperoval, G(t) 6= G(t ′) if t 6= t ′ ∈ G F(q). Hence G is a permutation polynomial on
G F(q).
We set Q(t) := N ∩ X (t) = [G(t), 0, 0, 1, F(t)ε, 0] (t ∈ G F(q)). If we identify N with
PG(2, q) under the map sending [e3], [e0] and [e4], respectively, to [1, 0, 0], [0, 1, 0] and
[0, 0, 1], the points Q(t) (t ∈ G F(q)), Q(∞) = [e4] and P(n) = N ∩U = [e0] correspond,
respectively, to [1,G(t), F(t)ε] = [1, s, (F(G−1(s)))ε] (s = G(t)), [0, 0, 1] and [0, 1, 0].
Thus the hyperoval O(N ) on N is equivalent to D(H), where H is an o-polynomial with
H(t) = F(G−1(t))ε for t ∈ G F(q). Thus, we have derived Property (N ) and the former
remark in (o).
Now take any t ∈ G F(q). The isotropic plane X (t) contains three distinct points P(t),
Q(t) and R(t) := X (t) ∩ X (∞). Since R(t) = [0, 0, x2, 0, x4, x5] ∈ X (∞) = 〈e2, e4, e5〉 is
orthogonal to both P(t) = [t, 1, F(t), 0, 0, 0] and Q(t) = [G(t), 0, 0, 1, F(t)ε, 0], we have
x4+ tεx5 = 0 and x2+G(t)εx5 = 0. Thus R(t) = [0, 0,G(t)ε, 0, tε, 1]. If we identify X (∞)
with PG(2, q) under the map sending [e5], [e4] and [e2], respectively, to [1, 0, 0], [0, 1, 0]
and [0, 0, 1], the points R(t) (t ∈ G F(q)), P(∞) = [e2] and Q(∞) = [e4] on the hyperoval
O(X (∞)) are respectively identified with [1, tε,G(t)ε] = [1, s,G(s1/ε)ε] (s = tε), [0, 0, 1]
and [0, 1, 0]. Thus O(X (∞)) ∼ D(G ′) for an o-polynomial G ′ with G ′(s) = G(s1/ε)ε for
every s ∈ G F(q). Thus Property (∞) and the latter remark in (o) follow.
To derive the remaining properties, we examine the hyperoval O(X (t)) in the plane X (t) for
each t ∈ G F(q). As X (t) is spanned by the points P(t), Q(t) and R(t), it consists of points
of the form [αt + βG(t), α, αF(t)+ γG(t)ε, β, βF(t)ε + γ tε, γ ] for α, β, γ ∈ G F(q) with
(α, β, γ ) 6= (0, 0, 0). For s ∈ G F(q) \ {t}, the point Pt (s) := X (s)∩ X (t) is also of the form
[α′s+β ′G(s), α′, α′F(s)+γ ′G(s)ε, β ′, β ′F(s)ε+γ ′sε, γ ′] for some α′, β ′, γ ′ ∈ G F(q)with
(α′, β ′, γ ′) 6= (0, 0, 0). Then (α′, β ′, γ ′) is a scalar multiple of (α, β, γ ), and we may assume
that α′ = α, β ′ = β and γ ′ = γ . Comparing the coordinates, we then have αt + βG(t) =
αs+βG(s), αF(t)+γG(t)ε = αF(s)+γG(s)ε and βF(t)ε+γ tε = βF(s)ε+γ sε. Solving
each equation, we have
α = G(t)+ G(s)
t + s β, γ =
F(t)+ F(s)
(G(t)+ G(s))ε α and γ =
(F(t)+ F(s))ε
(t + s)ε β.
If ε = 1 (that is, the form f is symplectic), these three equations are compatible. If f is a
unitary form, then ε is a square map, and the compatibility of these three equations is Property
(u).
Now assuming Property (u), we may easily see that Pt (s) has the homogeneous coordinates
given in Property (G F(q)). 2
Y -families of orthogonal polar type. Next we examine Y -families of orthogonal polar type.
Let S be a Y -family in which every member of S is a singular plane of PG(5, q) with respect
to a nonsingular quadratic form Q on the underlying vector space V . Then Q is of plus type,
and the associated bilinear form f with Q ( f (x, y) = Q(x+ y)+Q(x)+Q(y) for x, y ∈ V )
is a nondegenerate symplectic form. Thus S can also be regarded as a Y -family of symplectic
polar type, to which we may apply Lemma 4.
LEMMA 5. Let f be a symplectic form on the underlying space of PG(5, q) with q even.
For a Y -family S in PG(5, q), S is of symplectic polar type with respect to f iff it is of
orthogonal polar type for some quadratic from Q (of plus type) with the associated bilinear
form f .
PROOF. The sufficiency is already remarked above. For the necessity, assume that S is a
Y -family of polar type with respect to the symplectic form f . Then, with a suitable coor-
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dinatization of the underlying vector space V , the planes of S are described as in Lemma 4.
In the notation there, consider the quadratic form Q on V defined by Q(∑5i=0 xi ei ) = x0x5+
x1x4+x2x3. From Property ( f ) of Lemma 4, f is the bilinear form associated with Q. Clearly
Q vanishes on each of the planes U = 〈e0, e1, e2〉, N = 〈e0, e3, e4〉 and X (∞) = 〈e2, e4, e5〉.
The plane X (t) (t ∈ G F(q)) is spanned by its intersections with U , N and X (∞), which are
mutually perpendicular with respect to the form f associated with Q. Thus Q vanishes on
X (t) (t ∈ G F(q)). Hence S is of polar type with respect to Q. 2
PROOF OF PROPOSITION 2. Let S be a Y -family of polar type in which every member of
S is totally isotropic with respect to a unitary form f on PG(5, q). Then q = 2e with e even.
We choose a member U of S with O(U ) ∼ D(F) for an o-polynomial F . Let {ei | i =
0, . . . , 5} be the basis of V and G the permutation polynomial on G F(q) as in Lemma 4.
For a ∈ G F(2), we have F(G−1(a)) = a and hence G−1(a) = a, as F(s) and F(G−1(s))
are represented by o-polynomials from Property (o). Thus G(a) = a for a ∈ G F(2). Then
Property (u) applied to s = 0 implies that F(t)G(t) = t for every t ∈ G F(q). Hence Property
(u) is equivalent to the condition F(t)G(s)+ F(s)G(t) = (t + s)+ F(t)G(t)+ F(s)G(s) =
(t + s) + t + s = 0 for every s, t ∈ G F(q). Putting s = 1 = F(1) = G(1), we conclude
that F(t) = G(t) for every t ∈ G F(q). Thus F(t)2 = t , or equivalently F(t) = t1/2 = t2e−1 ,
where q = 2e.
Now note that the hyperovalD(t2e−1) is projectively equivalent toD(F ′), where F ′(t) = t2.
Thus repeating the above argument starting with F ′, we also conclude that t2 = F ′(t) = t1/2
for every t ∈ G F(q). Thus t4 = t for every t ∈ G F(q), and hence q = 4, as q = 2e with e
even.
Conversely, for each of the resulting six planes of PG(5, 4), we may verify that the in-
tersections with the other members form a hyperoval. Since there is a single class of dual
hyperovals in PG(2, 4), we have S = Y(O4) for a hyperoval O4 in PG(2, 4). 2
4. Y -FAMILIES OF SYMPLECTIC OR ORTHOGONAL POLAR TYPE
In the case when f is symplectic (associated with a quadratic form Q, see Lemma 5), we
have the following refinement of Lemma 4 in terms of pure arithmetics in finite fields.
LEMMA 6. Assume that q > 2. There exists a Y -family of symplectic polar type with a
member U such that O(U ) ∼ D(F) for an o-polynomial F iff there is an o-polynomial G
such that
det
( 1 Ft (a) G t (a)
1 Ft (b) G t (b)
1 Ft (c) G t (c)
)
6= 0
for every t ∈ G F(q) and every three distinct elements a, b, c ∈ G F(q).
PROOF. As ε = 1 in the symplectic case, the latter of Property (o) of Lemma 4 implies that
G is an o-polynomial.
The coordinates of the point Pt (s) in Property (G F(q)) of Lemma 4 are given as a linear
combination of x3 = 1, x5 = Ft (s + t) and x1 = G t (s + t); that is,
[1, Ft (s + t),G t (s + t)]M(t), where G t (u) = (G(t + u)+ G(t))/u,
Ft (u) = (F(t + u)+ F(t))/u and M(t) is the following matrix:(G(t) 0 0 1 F(t) 0
0 0 G(t) 0 t 1
t 1 F(t) 0 0 0
)
.
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As M(t) contains three independent column vectors, it has rank 3, and it induces an injec-
tive map from {[x3, x5, x1]} ∼= PG(2, q) to PG(5, q). Under this map, the points [1, 0, 0] =
[1, Ft (0),G t (0)] (as F , G are o-polynomials), [0, 1, 0], [0, 0, 1] and [1, Ft (a),G t (a)] (a ∈
G F(q)×) of PG(2, q), respectively, correspond to the points Q(t), R(t), P(t) and Pt (t + a)
consisting of the hyperoval O(X (t)) in X (t). In particular, the nonvanishness of the determi-
nant follows.
Conversely, assume the existence of an o-polynomial G with the condition in the lemma.
We choose a basis {ei |i = 0, . . . , 5} for the underlying vector space of PG(5, q) such that
f (ei , e j ) = 1 or 0 according to whether i + j = 5 or not. Then define the planes as follows:
U := 〈e0, e1, e2〉, N := 〈e0, e3, e4〉, X (∞) := 〈e2, e4, e5〉 and
X (t) := 〈P(t), Q(t), R(t)〉 = U M(t) for every t ∈ G F(q),
where P(t) := [te0 + e1 + F(t)e2], Q(t) := [G(t)e0 + e3 + F(t)e4],
R(t) := [G(t)e2 + te4 + e5], and M(t) is the matrix above.
Then we see that the planes U , V , X (∞), X (t) (t ∈ G F(q)) are all totally isotropic.
The set O(U ) of intersections of U with the other planes consists of the points [e0], [e2],
P(t) (t ∈ G F(q)), and hence O(U ) ∼ D(F). Thus O(U ) is a hyperoval on U . The set
O(X (∞)) consists of [e2], [e4] and R(t) (t ∈ G F(q)), which is equivalent to D(G). Thus it
is a hyperoval, as G is an o-polynomial.
Similarly, we see that O(N ) ∼ D(H), where H is a permutation polynomial with H(t) =
F(G−1(t)) for every t ∈ G F(q). We will show that H is an o-polynomial. As F and G
give bijections, H is an o-polynomial iff Hs(X) = (H(X + s) + H(s))/X is a permutation
polynomial for every s ∈ G F(q). We set t = G−1(s). Then H(s) = F(G−1(s)) = F(t). As
G induces a bijection on G F(q), every element η of G F(q) is uniquely written as η = G(ζ +
t)+G(t) for some ζ ∈ G F(q). Then Hs(η) = (H(G(ζ + t))+ F(t))/(G(ζ + t)+G(t)) =
(F(ζ + t)+ F(t))/(G(ζ + t)+ G(t)) = Ft (ζ )/G t (ζ ) if η 6= 0, while Hs(0) = 0. Hence the
map η 7→ Hs(η) gives a bijection on G F(q) iff the map ζ 7→ Ft (ζ )/G t (ζ ) is a bijection. This
is equivalent to the condition that Ft (a)/G t (a) 6= Ft (b)/G t (b) for every a 6= b ∈ G F(q),
which is a special case of the nonvanishness of the determinant applied to c = 0.
As for the set O(X (t)), no three points of that set lie on a line in common because of
the nonvanishness of the determinant as well as the facts that O(U ), O(N ) and O(∞) are
hyperovals. Hence we have verified that those planes form a Y -family of polar type with the
associated form f in which O(U ) ∼ D(F). 2
REMARKS. (1) Calculating the determinant at (a, b, c) = (0, t, t + 1) for t 6∈ G F(2), we
have F(t) 6= G(t) for every t ∈ G F(q) \ G F(2); that is, the permutation t 7→ F(G−1(t)),
which is represented by an o-polynomial from Lemma 4 (o), acts fixed-point freely on G F(q)\
G F(2).
(2) If both F and G are additive, Ft (X) = F(X)/X and G t (X) = G(X)/X . Then we
easily verify that the determinant vanishes at a, b, c ∈ G F(q) with a+ b+ c = 0. Thus there
is no Y -family of symplectic polar type with two members U,W such that O(U ) ∼ D(F)
and W = X (∞) with the notation in Lemma 4.
PROPOSITION 7. Assume that q > 2. Then there is no Y -family of symplectic or orthogonal
polar type with a member U for which the hyperoval O(U ) is regular.
PROOF. Assume that S is a Y -family of polar type associated with a symplectic form f
with a member U in which O(U ) is regular. Then O(U ) ∼ D(F) for F(X) = X2. As
Ft (X) = X , the determinant in Lemma 6 does not vanish at every three distinct a, b, c ∈
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G F(q) iff no three points of the set {[1, s,G t (s)] | s ∈ G F(q)} lie on a line iff the map
s 7→ G t (s) is represented by an o-polynomial, say K . On the other hand, G t (X) = (G(X +
t)+G(t))/X , G t (0) = 0. Note that the degree of the polynomial G t is one unit less than that
of the o-polynomial G. In particular, we have two polynomials K and G t of degrees less than
q with K (s) = G t (s) for every s ∈ G F(q). Hence we conclude K = G t are polynomials.
However, as K and G are o-polynomials and q > 2, every nonzero monomial contained in
K or in G has even degree [2, Corollary 8.23]. Hence every such monomial of G t has odd
degree which contradicts the equality K = G t . 2
As for the known Y -families Y(O), T (K ) and Y∗(O), each of them contains a member U
in which the hyperoval O(U ) is regular [4, 6, 7]. Hence we obtain the following corollary
COROLLARY 8. None of the Y -families Y(O), T (K ) and Y∗(O) is of symplectic or or-
thogonal polar type, if q > 2.
Y-family Y(O2) of orthogonal polar type. The above results do not say anything when
q = 2. In this case, Lemma 4 shows that any Y -family of symplectic polar type is equivalent
to the family S consisting of the following five planes of PG(5, 2):
U = 〈e0, e1, e2〉, N = 〈e0, e3, e4〉, X (∞) = 〈e2, e4, e5〉,
X (0) = 〈e1, e3, e5〉, X (1) = 〈e012, e034, e245〉,
where e012 := e0 + e1 + e2, etc.
It is immediately apparent that S is indeed a Y -family of polar type with respect to the
symplectic form f (∑5i=0 xi ei ,∑5i=0 yi ei ) = ∑ j=0 x j y5− j . Then S is also of orthogonal
polar type with respect to the quadratic form Q(∑5i=0 xi ei ) = x0x5+x1x4+x2x3 by Lemma 5.
The following linear transformations τi (i = 1, 2, 3, 4) of V = 〈ei | i = 0, . . . , 5〉 pre-
serving the quadratic form Q induce the transpositions (U, N ), (N , X (∞)), (X (∞), X (0))
and (X (0), X (1)), respectively, on the five planes of S. Thus they generate a subgroup of
SO+6 (2) ∼= S8 isomorphic to S5.
τ1 : (e0)(e5)(e1e3)(e2e4),
τ2 : (e1)(e4)(e0e2)(e3e5),
τ3 : (e0)(e5)(e1e2)(e3e4),
τ4 : ei 7→ ei for i = 0, 2, 4, e1 7→ e012, e3 7→ e034, e5 7→ e245,
where the transformations τi (i = 1, 2, 3) are denoted by the corresponding permutations on
the basis. It is straightforward to see that the family S is isomorphic to Y(O2) (in the notation
of [7, p. 763], with e2 and e3 interchanged, the planes u(∞), u(n), the nucleus plane, 5(0)
and 5(1) coincide with U , N , X (∞), X (0) and X (1) above, respectively).
There are two classes of dual hyperovals in PG(5, 2) by [1]. The following representatives
F and F ′ are explicitly given in [1, subsections 4.3 and 4.4] (here we shift the numbering of
coordinates so that xi in [1] is xi−1 below):
F = {Si | i = 1, . . . , 8} and F ′ = {Si , Ti | i = 1, . . . , 4}, where
S1 = 〈e0, e1, e2〉, S2 = 〈e0, e3, e4〉,
S3 = 〈e1, e3, e5〉, S4 = 〈e2, e4, e5〉;
S5 = 〈e03, e13, e245〉, S6 = 〈e04, e135, e24〉,
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S7 = 〈e034, e15, e25〉, S8 = 〈e012, e35, e45〉; and
T5 = 〈e03, e13, e24〉, T6 = 〈e04, e15, e25〉,
T7 = 〈e02, e35, e45〉, T8 = 〈e034, e135, e245〉.
(Note that the numbering above of the planes in F ′ is different from that in [1, 3.5]: our
planes Si (i = 1, 2, 3, 4) and T j ( j = 1, 2, 3, 4) correspond to Si ′ (i ′ = 1, 2, 4, 5) and S j ′
( j ′ = 3, 6, 7, 8), respectively.) The dual hyperoval F satisfies Property (T ); Si ∩ 〈S j , Sk〉 is
a line for every mutually distinct i, j, k ∈ {1, . . . , 8}, but the hyperoval F ′ does not satisfy
Property (T ).
It is easy to see that the plane Si (i = 1, 2, 3, 4) and T8 above coincide with U , N , X (0),
X (∞) and X (1), respectively. Thus the Y -family Y(O2) is extended to the dual hyperoval F ′
in PG(5, 2).
We claim that there is no symplectic or quadratic form f for which all members of F ′ are
totally isotropic.
From Lemma 5, it suffices to show the nonexistence of such a symplectic form f . Suppose
the contrary. Then f vanishes on S1 = U and S2 = N , so that f (e0, e j ) = 0 for every
j ∈ {0, 1, 2, 3, 4}. Then we have f (e0, e5) = 1, for otherwise e0 would be perpendicular to
PG(5, 2) with respect to f . Similar reasoning applied to S1 and Si for i = 3, 4 shows that
f (ei , e j ) = 0 for every 0 ≤ i ≤ j ≤ 5 except f (e0, e5) = f (e1, e4) = f (e2, e3) = 1. Thus
we have f (x, y) = ∑5i=0 xi y5−i . However, it is easy to see that the planes Tk (k = 5, 6, 7)
are not isotropic with respect to f .
It is immediately apparent that every member of F is totally singular with respect to the
quadratic form Q(x) = ∑2i=0 xi x5−i (with the associated symplectic form bQ(x, y) =∑5
i=0 xi y5−i ).
However, we claim that F does not contain a Y -family.
Suppose F contains a Y -family S (consisting of five planes). As F admits a doubly tran-
sitive automorphism group by [1, 3.3], we may assume that S1 and S2 are members of S.
Following the notation in [1], we denote ai j := Si ∩ S j for 0 ≤ i < j ≤ 8. We shall only
show that S3 is not a member of S. For every i = 3, . . . , 8, we may apply the same argument
to show that Si 6∈ S, which establishes the claim.
Assume that S3 ∈ S. Then a12 = [e0], a13 = [e1] and e23 = [e3]. Since the intersections of
S1 with the other members of S form a hyperoval on S1, S does not contain the plane Si with
a1i = [e01]. Thus S5 6∈ S.
Assume further that S4 ∈ S. Then a14 = [e2], and there are six points of S1 lying on the
edges of the triangle a12a13a14. The unique remaining point is [e012], the sum of nonzero
vectors of a12, a13 and a14. Hence the last member of S intersects with S1 in [e012], and
hence it is S8. However, O(S2) would then contain three points a23 = [e3], a24 = [e4] and
a28 = [e34] lying on a line. Thus S4 6∈ S. Similar reasoning shows that if S6 (resp. S7 or S8)
is a member of S, then a16 = [e02] (resp. a17 = [e12] or a18 = [e012]) and the last member
of S should be S7 (resp. S6 or S4). This implies that S = {Si | i = 1, 2, 3, 6, 7} is the unique
possible family, but in this case O(S2) contains three points a23 = [e3], a26 = [e04] and
e27 = [e034] lying on a line. Hence S3 is not a member of S.
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